We present a new Priestley-style topological duality for bounded N4-lattices, which are the algebraic counterpart of paraconsistent Nelson logic. Our duality differs from the existing one, due to Odintsov, in that we only rely on Esakia duality for Heyting algebras and not on the duality for De Morgan algebras of Cornish and Fowler. A major advantage of our approach is that for our topological structures we obtain a simple description, which can be easily extended to other algebras such as non-bounded N4-lattices and N4-lattices with modal operators.
Introduction
N4-lattices are the algebraic semantics of paraconsistent Nelson logic, which was introduced in [1] as an inconsistency-tolerant counterpart of the betterknown logic of Nelson [2, 3] .
Paraconsistent Nelson logic combines interesting features of intuitionistic, classical and many-valued logics (e.g., Belnap-Dunn four-valued logic); recent work has shown that it can also be seen as one member of the wide family of substructural logics [4] .
The work we present here is a contribution towards a better topological understanding of the algebraic counterpart of paraconsistent Nelson logic, namely a variety of involutive lattices called N4-lattices in [5] . A Priestley-style duality for these algebras was already introduced by Odintsov [6] , the main difference between his approach and ours is that we only rely on Esakia duality for Heyting algebras [7] , whereas [6] uses both Esakia duality and the duality for De Morgan algebras [8, 9] : as a consequence, the description of dual spaces that we obtain is, in our opinion, much simpler. Moreover, [6] only deals with N4-lattices whose lattice reduct is bounded, whereas we show how our treatment easily extends to the non-bounded case as well.
Outline of the paper. In the next section we introduce the abstract algebraic definition of N4-lattices and we state a fundamental result of Odintsov [10] , namely that every N4-lattice can be represented through a concrete construction called twiststructure. We extend this to a categorial equivalence, which will allow us to work, for our duality, with a category of twist-structures instead of the category of N4-lattices as introduced in [6] . In Section 3 we recall the essentials of Esakia duality for Heyting algebras, on which we will build ours. Section 4 contains the main results. We show that our category of twist-structures (and, as a consequence, the category of N4-lattices) is dually equivalent to a category of Esakia spaces enriched with additional topological structure. Finally, in Section 5 we briefly discuss how to extend our duality to non-bounded N4-lattices and to N4-lattices expanded with modal operators.
N4-lattices as twist-structures
The abstract definition of N4-lattices [10, Definition 2.3] is rather obscure, but fortunately, as we will see, a more insightful description is available for these algebras thanks to the so-called twist-structure construction. 
B is said to be bounded if its lattice reduct is bounded (in which case we include the bounds as constants in the algebraic signature).
It is known that N4-lattices form a variety (hence, bounded N4-lattices are also a variety), which is the equivalent algebraic semantics of paraconsistent Nelson logic (see [5] ).
Condition (iii) of Definition 2.1 provides a canonical way of associating a Brouwerian lattice to a given N4-lattice. We are going to describe a method introduced in [10, Definition 2.1] to construct an N4-lattice from a Brouwerian lattice, and we shall see that each N4-lattice is isomorphic to one obtained in this way.
Let A = A, ∧, ∨, →, 1 be a Brouwerian lattice. Consider the algebra A = A×A, ∧, ∨, →, ∼ with operations defined as follows: for all a, b , c, d
It is easy to check that A is an N4-lattice. If A has a minimum element 0, then by defining := 1, 0 and ⊥ := 0, 1 we obtain a bounded N4-lattice. Notice that the operations ∧, ∨, → of A are defined component-wise just as in a direct product in the first component, while they are somehow "twisted" in the second one; this accounts for the name twist-structure over A for the algebra A used, e.g., in [10] .
Although the above construction produces an N4-lattice, not all N4-lattices are isomorphic to one constructed in this way. To achieve this, we need the following refinement.
Given a Brouwerian lattice A, let D(A) := {a ∨ (a → b) : a, b ∈ A} be the set of its dense elements 2 . If A has a minimum 0 (i.e., if A "is" in fact a Heyting algebra), then the dense elements can also be obtained as follows: D(A) = {a ∨ ¬a : a ∈ A} = {a ∈ A : ¬¬a = 1} where ¬ is the Heyting negation of A, i.e., ¬a := a → 0. Now consider a lattice filter ∇ ⊆ A such that D(A) ⊆ ∇ and an arbitrary (non-empty) lattice ideal ∇ ⊆ A. Then the set
is closed under the operations ∧, ∨, →, ∼ of A and thus B, ∧, ∨, →, ∼ is an N4-lattice. Following [10] , we denote this algebra by T w(A, ∇, ∇ ). The twist-structure construction described above is very similar to the one used in [13] to represent Brouwerian bilattices, the main differences being the following:
• The algebraic signature of Brouwerian bilattices includes the above-defined operations together with two additional ones, ⊗ and ⊕, de-
• As a consequence, every Brouwerian bilattice B corresponds to a twist-structure T w(A, ∇, ∇ ) whose carrier set is the whole direct product A × A, which means that ∇ = ∇ = A. 
Thus, any (bounded) N4-lattice can be associated to a triple of the form (A, ∇, ∇ ) with A a (bounded) Brouwerian lattice and ∇, ∇ , respectively, a filter and an ideal of A. We are going to see that j B is in fact the unit of a categorical equivalence between two naturally associated categories.
The category N4 has as objects N4-lattices and as morphisms algebraic N4-lattice homomorphisms. On the other side of our equivalence, the category Twist has as objects triples A = (A, ∇, ∇ ) with A a Brouwerian lattice, ∇ ⊆ A a lattice filter containing the dense elements D(A), and ∇ ⊆ A an ideal. We call objects in this category twist-structures, but notice that we view them just as triples (A, ∇, ∇ ), not as the product algebra T w(A, ∇, ∇ ) defined above. A morphism between twist-structures A 1 , A 2 is a Brouwerian lattice homomorphism h :
Twiststructures with twist-structure morphisms form a category, where the composition of morphisms is set-theoretical.
We proceed to define functors T : N4 → Twist and N : Twist → N4 that will allow us to prove the equivalence between the two categories.
Given an N4-lattice B, we let T (B) :
is the equivalence class of a ∈ B 1 modulo the relation introduced in Definition 2.1 and
, and that it is an N4-lattice homomorphism. As before, it is easy to see that we have a functor N : Twist → N4.
For any N4-lattice B, by Proposition 2.2 we have an algebraic isomorphism j B : B ∼ = N (T (B)). This implies that j B is an isomorphism in the category N4.
Observe, that for each twist-structure A, we have a, a → b ∈ N (A) for any a ∈ A and any b ∈ ∇ . That is, 
In this way we obtain the following.
Proposition 2.3. For any twist-structure
Proof. It follows from the above considerations that η A is a bijection whose inverse is precisely π 1 . Let us check that η A is a Brouwerian lattice homo-
. A similar reasoning establishes the cases of the other connectives. To prove that η A [∇] = ∇(N (A)), it is sufficient to observe that
Checking that the required diagrams commute is at this point just routine.
Recall that the equality [ h(a), h(a
The above propositions imply the announced equivalence result. It is straightforward to show that the above result restricts to an equivalence between the category N4
⊥ of bounded N4-lattices (with algebraic homomorphisms which preserve the bounds as morphisms) and the category Twist ⊥ of twist-structures over bounded Brouwerian lattices (i.e., Heyting algebras), whose morphisms are defined as Twistmorphisms that also preserve the bounds. The picture is thus the following:
Esakia duality
We briefly recall the main definition and results of Esakia duality [7] , on which we are going to build ours in the next section. We assume familiarity with Priestley duality for distributive lattices [15] . A Priestley space is a compact ordered space X = X, τ, ≤ such that, for every x, y ∈ X with x ≤ y, there is a clopen up-set U such that x ∈ U and y ∈ U . A Priestley space is an Esakia space if, in addition, the down-set ↓U of every clopen U ⊆ X is clopen. The distributive lattice of clopen up-sets of an Esakia space forms a Heyting algebra when endowed with the following implication operation: for clopen up-sets U, V ⊆ X, we let U → V := {x ∈ X : ↑x ∩ U ⊆ V }. We denote this Heyting algebra by A(X ).
Conversely, to each Heyting algebra A corresponds an Esakia space X(A), τ A , ⊆ where X(A), ⊆ is the poset of prime filters of A ordered by inclusion and τ A is the topology generated by the subbasis {σ A (a) : a ∈ A} ∪ {X(A) − σ A (a) : a ∈ A} where σ A (a) := {P ∈ X(A) : a ∈ P }.
Using the same definitions involved in Priestley duality, the maps X(.) and A(.) can be extended to contravariant functors that establish a dual equivalence between (1) the category of Heyting algebras with algebraic homomorphisms as morphisms and (2) the category of Esakia spaces, whose morphisms are Esakia functions, defined as follows. An Esakia function is a map f : X → Y between Esakia spaces X , Y which is continuous, order-preserving and such
If h : The natural transformations are given by the following families of morphisms. For a Heyting algebra A, the map σ A : A → A(X(A)) defined above is an isomorphism. For any Esakia space X , the map X : X → X(A(X )) defined by X (x) = {U ∈ A(X ) : x ∈ U } for every x ∈ X is a homeomorphism and an order isomorphism.
Duality for twist-structures
We are now going to introduce a category of topological structures which we will prove to be equivalent to the category Twist ⊥ of twist-structures over Heyting algebras. At the end of the section we will sketch how to extend this duality to twist-structures over Brouwerian lattices.
The following property is going to be useful for the description of our topological structures.
Lemma 4.1. Let P ⊆ A be a prime filter of a Brouwerian lattice (or Heyting algebra) A and D(A) the filter of dense elements. Then D(A) ⊆ P if and only if P is maximal in the poset X(A), ⊆ .
Proof. We prove that, if P Q for some prime filter Q, then Q = A, so Q is not prime. Assume that P ⊆ Q and there is a ∈ Q such that a / ∈ P . We claim that b ∈ Q for an arbitrary element b ∈ A. By assumption we have a∨(a → b) ∈ D(A) ⊆ P . Since P is prime and a / ∈ P , we conclude that
This means that b ∈ Q as we claimed. Conversely, suppose that P is a maximal element of the poset of prime filters of A. Let a, b ∈ A and assume that a ∨ (a → b) ∈ P . Consider the filter F generated by P ∪ {a}. Then a → b ∈ F . On the contrary there is c ∈ P such that c ∧ a ≤ a → b.
It would thus follow that a → b ∈ P , against our assumption. So there is a prime filter Q such that P F ⊆ Q and a → b ∈ Q. Therefore P is not maximal: a contradiction. Hence D(A) ⊆ P .
From now on, unless otherwise specified, we consider only twist-structures over Heyting algebras. Let then A = (A, ∇, ∇ ) ∈ Twist ⊥ and let X(A), τ A , ⊆ be the Esakia space of A. We know from Priestley duality that there is a one-to-one correspondence between all lattice filters of A and the closed up-sets of X(A), and similarly ideals of A correspond to open up-sets of X(A). Then, using the isomorphism σ A : A ∼ = A(X(A)), the sets ∇, ∇ ⊆ A can be represented as follows. We define
which are, respectively, a closed up-set and an open up-set. It is also easy to check that
We can thus use whichever of the above definitions is more convenient. We notice that C A is included in the set max(X(A)) of maximal elements of our Esakia space (which also implies, trivially, that C A is an up-set). This follows from Lemma 4.1, because P ∈ C A implies that D(A) ⊆ ∇ ⊆ P . We use this insight to introduce formally the topological structures we will deal with.
Definition 4.2. An NE-space (for Nelson-Esakia) is a structure X = X, ≤, τ, C, O such that (i) X, ≤, τ is an Esakia space,
(ii) C is a closed set such that C ⊆ max(X),
(iii) O is an open up-set.
In order to view NE-spaces as a category, we adopt the following notion of morphism.
Given NE-spaces X 1 , X 2 , X 3 and NE-morphisms f : X 1 → X 2 , g : X 2 → X 3 , it is easy to see that g • f : X 1 → X 3 is also a morphism. Moreover, the identity map on an NE-space is a morphism. Thus, we have a category NE-Sp of NE-spaces. 
Lemma 4.4. Let
is an NE-morphism between the corresponding NEspaces.
Proof. In order to see that X(h)[C
We conclude that ∇ 1 ⊆ Q, which means that Q ∈ C A1 as desired. Assume now that P ∈ X(h)
. From the assumptions we have P ∩ h(
It follows from Esakia duality that the map X preserves composition and identity maps. So we actually have a functor X : Twist ⊥ → NE-Sp. It remains to define a functor A : NE-Sp → Twist ⊥ in the opposite direction.
To each NE-space X = X, ≤, τ, C, O we associate a twist-structure in the following way. Recall that A(X ) is the Heyting algebra of clopen up-sets of X . To the closed set C we associate the following filter of A(X ):
Similarly, to the open up-set O we associate the following ideal of A(X ):
In order to ensure that ∇ C does indeed contain the dense elements of A(X ), it is enough to realize that condition (ii) of Definition 4.2 is equivalent to the following property: for every clopen up-set U ∈ A(X ), C ⊆ U ∪ (↓U )
c . In fact, we have
is a twist-structure. Thus, for every object X ∈ NE-Sp, we have an object
Let us now look at morphisms.
Given NE-spaces
We know from Esakia duality that the map A(f ) : A(X 2 ) → A(X 1 ) is a Heyting algebra homomorphism. Let us check that it is in fact a Twist ⊥ -morphism (as defined in Section 2) from
We thus have a functor A : NE-Sp → Twist ⊥ as required. We are now going to see that, for any twist-structure A and any NE-space X , there are natural isomorphisms σ A : A ∼ = A(X(A)) and
Given a twist-structure A = (A, ∇, ∇ ), consider the twist-structure associated with the dual space of
We know from Esakia duality that the map σ A : A → A(X(A)) is a Heyting algebra isomorphism. Thus, we only need to check that σ A is indeed a Twist ⊥ -morphism. This follows from next lemma (we omit the subscript of σ A when no ambiguity can arise).
Lemma 4.6. For any twist-structure
Suppose that a ∈ ∇. Let P be a prime filter such that ∇ ⊆ P and a ∈ P . Then
Suppose that a ∈ ∇ . Let P be a prime filter such that a ∈ P and
, we obtain that P ∈ O A , a contradiction. We conclude that a ∈ ∇ and σ(a)
Conversely, given an NE-space X , consider the NE-space corresponding to the twist-structure
. Recall that the map X : X → X(A(X )) is an Esakia-homeomorphism between X = X, ≤, τ and X(A(X )), ⊆, τ A(X ) . We check that X is an NEmorphism as well. 
Proof. (i) Let x ∈ C. We have to see that X (x) ∈ U ∈∇ C σ(U ), i.e., that for every U ∈ A(X ) such that C ⊆ U , it holds that U ∈ X (x). Assume then C ⊆ U ∈ A(X ). Then x ∈ U , so U ∈ X (x). Conversely, assume x ∈ U for every clopen up-set U ⊇ C. Since C is a closed up-set,
The fact that σ A and X are natural follows immediately from Esakia duality. Thus, if h :
Joining these results, we obtain the announced dual equivalences. The figure below displays the equivalences established so far.
Extending the duality
As mentioned in the introduction, the duality presented above can be easily extended to twiststructures over Brouwerian lattices. All that is needed for this is to adapt Esakia duality to Brouwerian lattices. We sketch the main idea below. Any Brouwerian lattice A = A, ∧, ∨, →, 1 can be extended to a Heyting algebra in the following way. Regardless of whether A has a minimum, we add a new one 0 * , setting 0 * ≤ a for all a ∈ A∪{0 * }. This determines the behaviour of Heyting implication, because it must hold that 0 * → a = 1 for all a ∈ A ∪ {0 * }, and residuation implies that a → 0 * = max{b ∈ A ∪ {0 * } : a ∧ b ≤ 0 * }, which means that for a = 0 * the only possible choice is b = 0 * . Hence, we define
In this way we obtain a Heyting algebra A * with universe A ∪ {0 * }, of which A is a {∧, ∨, →, 1}-subalgebra. Notice that a map h : A * 1 → A * 2 is a Heyting algebra homomorphism if and only if the restriction h A1 : A 1 → A 2 is a Brouwerian lattice homomorphism. This implies that the category of Brouwerian lattices is equivalent to a full subcategory of the category of Heyting algebras.
If we now look at X(A * ), the Esakia space corresponding to A * , we may notice that X(A * ) has a greatest element, namely A, so that A ∈ σ A * (a) for every a ∈ A. The map σ A * restricted to A establishes an isomorphism between A and the algebra of non-empty clopen up-sets of X(A * ), which is a Brouwerian lattice. This makes it possible to recover our original A as the lattice of non-empty clopen up-sets of the Esakia dual of A * . Thus, we can develop a duality between Brouwerian lattices and a category whose objects are Esakia spaces X = X, τ, ≤ where the poset X, ≤ has a maximum element 1 X and whose morphisms are Esakia functions f : X → Y such that f (1 X ) = 1 Y .
Once we have this, a duality for twist-structures (A, ∇, ∇ ) with A a Brouwerian lattice can be obtained by applying the same technique used in the previous sections to take care of the topological counterparts of ∇ and ∇ . The dual category obtained in this way has as objects structures X = X, ≤, 1 X , τ, C, O where X, ≤, 1 X , τ is an Esakia space with maximum, O is a non-empty open upset and C is a non-empty closed up-set whose elements are maximal in X − {1 X }. The morphisms are simply NE-morphisms f : X → Y such that f (1 X ) = 1 Y .
We mention, as a topic for further investigation, another direction in which our duality might be extended. Recent works on modal expansions of Belnap-Dunn logic [16, 17, 18] consider N4-lattices expanded with modal operators. These enriched algebras are also representable as twist-structures (A, ∇, ∇ ), where A is a Brouwerian lattice (or a Heyting or a Boolean algebra) which is itself endowed with modal operators. A topological duality for these "modal twist-structures" (and, therefore, for N4-lattices with modal operators) might be developed following the same ideas expounded in the previous sections, drawing on the existing duality theory for distributive lattices with modal operators (see, e.g., [19] ). Besides its intrinsic interest, such an investigation is likely to shed further light on the semantics of modal expansions of BelnapDunn logic; it might, for instance, enable us to introduce a state-based semantics for the non-normal paraconsistent modal logic of [18] .
